1. Results. Scattered results about countably2 generated ideals in C(X) are established in [2] and [4] : Op is countably generated if and only if pEX and p has a countable base of neighborhoods;
Op is both prime and countably generated if and only if Mp is principal, and if and only if pEX and p is isolated; no lower prime ideal is countably generated.
We generalize these as follows: if Mp is countably generated, then pEX and p is isolated (5.4) ; no free prime ideal is countably generated (4.5); a fixed, nonmaximal prime ideal can be countably generated (6.2), but not if it is a z-ideal (6.1);3 the intersection of a countable chain of lower prime ideals, or of a strictly decreasing sequence of arbitrary prime ideals, cannot be countably generated (6.3, 6.4).
Some of the above are corollaries of much more general theorems: any free, countably generated ideal is contained in 2C hyper-real maximal ideals (4.4) ; if the fixed ideal of all functions vanishing on a compact set F is countably generated, then F is an open set (5.2). These theorems, in turn, can be formulated more generally. In some of the results, the hypothesis that an ideal is countably generated can be replaced by the weaker hypothesis that its z-filter be countably generated.
Preliminaries.
C(X) denotes the ring of all continuous functions from the completely regular space X into R, the reals. For f EC, Z(f) denotes the set of zeros of /.
Let / be a (proper) ideal in C. 1 National Science Foundation fellow. I wish to thank C. W. Kohls for several helpful suggestions. 2 We use countable to mean finite or denumerably infinite. 3 Nontrivial z-ideals can be countably generated. For example, on a P-space, every ideal is a z-ideal, and no nonisolated point is a G¡; and there exist P-spaces having no isolated points [l, § §5 and 7; 2, 13P and 14.29], When the z-filter Z[l] is countably generated, we shall say that the ideal I is countably z-generated. Thus any countably generated ideal is countably z-generated. When stating the latter condition in the hypothesis of a theorem, we enclose the "2-" in parentheses so that the stronger hypothesis will also be in evidence.
The z-filter Z[M0] in R has a single generator-{o}-but the ideal Mo is not countably generated (5.3). Nor need a free, countably z-generated ideal be countably generated (5.5). // / is countably (z-)generated and <j>(I) is compact, then every free maximal ideal containing I is hyper-real.
The following is a special case of the combination of the theorem with the lemma.
Theorem.
Each free, countably (z-)generated ideal is contained in 2C hyper-real maximal ideals but in no real maximal ideal.
For, any ideal I is contained in at least one maximal ideal; and if I is free, then 0(7) is empty.
Corollary.
A free ideal contained in a unique maximal ideal cannot be countably (z-)generated. In particular, no free Op, no free prime ideal, and no free maximal ideal are countably (z-generated? Example. The ideal in C(R) of all functions that vanish on a given compact set is not countably generated.
If MPlf~\ ■ ■ ■ C\MPn is countably generated, or if the intersection of this ideal with any free ideal is countably generated, then pi, ■ ■ ■ , pn are isolated.
If Mp is countably generated, then pEX and p is isolated.
Proof. Corollaries 4.5 and 5.3.
As we know, countably generated cannot be replaced here by countably z-generated.
Example.
A free, countably z-generated ideal that is not countably generated. Let I be the ideal of all functions in C(R) that vanish at all but a finite number of points of N; then I is free. Clearly, the complements in N of the finite subsets of N form a countable family of zero-sets in R that generate Z[l].
We assume that I=(fi,f2, -■ • ) and derive a contradiction. 6. Prime ideals. An ideal P is prime if gA£P implies g£P or Â£P. A z-filter is prime if, whenever the union of two zero-sets is a member, one of them is; here, it is sufficient to consider such unions equal to X itself. The z-filter of any prime ideal is prime; and every prime z-filter is the z-filter of some prime ideal [2, Chapter 2\.
An ideal J is called a z-ideal if Z(/)£Z[J]
implies/£J.
6.1. Theorem. A nonmaximal, prime z-ideal cannot be countably (z-) generated.7
Proof. Let Q be such an ideal; we assume that Q = Z[Q] is countably generated and derive a contradiction.
By Corollary 4.5, Q is a fixed ideal; let Mp be the unique maximal ideal containing Q. Then \p\ =<t>(Q) is a countable intersection of zero-sets (2), and hence is a zero-set. Define S = X-{p}, and let (P denote the trace of Q on 5. Since every member of Q contains p, the trace mapping Z-*Z-{p) (Z£Q) from Q onto (P is one-one. Since the z-ideal Q is not maximal, the zero-set \p\ does not belong to Q ; therefore 0 £ (P. If F is any zero-set in S, then F\J \p) is a zero-set in X (see [2, 3C] , or, more generally, [3, 3.1]). These facts imply easily that <P is a z-filter on S, and, moreover, that it is prime.8 Obviously, (P is free. Since the trace mapping is one-one and preserves inclusion and intersection, (P, like Q, is countably generated. But this contradicts Corollary 4.5. In the family of all prime ideals in C, a prime ideal Q with an immediate successor [predecessor] 6.3. Theorem. Every nonmaximal, countably generated, prime ideal is the union of a countable chain of upper ideals, and hence cannot be a countable intersection of lower ideals. 6.4. Corollary. The intersection of a strictly decreasing sequence of prime ideals cannot be countably generated.
Proof. Consecutive members of the sequence have a lower ideal between them.
6.5. Example. A countably z-generated, lower prime ideal. [2, 2G] describes a nonmaximal prime ideal P in C(R) whose z-filter contains {0}. By [2, 14D] , Pis a lower ideal.
6.6. Remark.9 Any finitely generated prime ideal in C is trivial: it is minimal [2, 14C] , hence a z-ideal [2, 14.7] , hence maximal (6.1), hence trivial (5.4).
